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Abstract

On the basis of our previous papers\ the redistribution of radiative energy in the case of isotropic scattering is
investigated and the radiative transfer coe.cient "RTC# under specular re~ection in an absorbing\ emitting and isotropic
scattering parallel slab is derived[ Considering both multi!re~ection and multi!scattering in the derivation\ the RTC can
accommodate various boundary conditions under specular re~ection[ By accumulating the RTC for specular re~ection
boundary and that for di}use re~ection boundary linearly\ the RTC are calculated[ The validity and high precision of
the formula for the RTC are con_rmed by comparing with references[ The e}ects of single!scattering albedo v\ Planck
number Np and refractive index of STM nm on the transient coupled heat transfer in a one!dimensional isotropic
scattering medium are reviewed for] "a# two semi!transparent boundaries^ and "b# one semi!transparent boundary and
one opaque boundary[ The presented calculation and formula for the redistribution of the scattering energy can also be
applied to other radiative calculations\ such as total radiative exchange area or total radiative transfer coe.cient in
multi!dimensional isotropic scattering media[ Þ 0888 Elsevier Science Ltd[ All rights reserved[

Nomenclature

Ak\Ti
�ÐDlk

Ib\l"Ti# dl:Ð�
9 Ib\l"Ti# dl\ fractional spectral

emissive power of spectral band k at nodal temperature
Ti

C unit heat capacity ðJ m−2 K−0Ł
h0\ h1 heat transfer coe.cient at surfaces of S0 and S1\
respectively ðW m−1 K−0Ł
L slab thickness ðmŁ
nm\k\ nrf\k refractive index of STM and reference\ respect!
ively\ relative to the spectral band k"Dlk#
Np Planck number\ Np � lc:"3Ln1

msT2
rf1#

NB total number of spectral bands
NM total number of the nodes "control volumes#
qcd\ qcv\ qr heat ~uxes of thermal conduction\ convection
heat transfer and radiative transfer\ respectively ðW m−1Ł
S−�\ S¦� black surfaces representing the surroundings
"SiSj#k\ "SiVj#k\ "ViVj#k radiative heat transfer coe.cient
in non!scattering media relative to the spectral band
k"Dlk#

� Corresponding author[

kSiSjlk\ kSiVjlk\ kViVjlk radiative heat transfer
coe.cient in isotropic scattering media relative to the
spectral band k"Dlk#
t physical time ðsŁ
t�"L# �Fo"L# � lct:"CL1#\ dimensionless time
t�s steady!state dimensionless time
Ti temperature of the node i ðKŁ
Trf reference temperature ðKŁ
T9 initial temperature ðKŁ
Vi volume relative to node i[

Greek symbols
a absorption coe.cient ðm−0Ł
g transmissivity of surfaces
Dt\ Dt� time interval and dimensionless time interval\
respectively
o emissivity of surfaces
h h � 0−v

u angle of re~ection
uc critical angle of re~ection
U dimensionless normalized temperature
"T−Trf0#:"Trf1−Trf0#
k extinction coe.cient ðm−0Ł
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l wavelength ðmmŁ
lc phonic thermal conductivity ðW m−0 K−0Ł
m m � cos u\ direction cosine
rd

i \ rs
i di}use and specular re~ectivity components\

respectively\ i � 0 or 1
s StefanÐBoltzmann constant
ss scattering coe.cient ðm−0Ł
t\ t9 optical depth and optical thickness\ respectively
Fr

i radiative source term of the node i
v single!scattering albedo[

Subscripts
a absorbed fraction in the overall radiative heat transfer
coe.cient
k relative to spectral band k[
s scattered quota in the overall radiative heat transfer
coe.cient
0\ 1 refer to frontiers S0 and S1\ respectively
−�\ ¦� refer to frontiers S−� and S¦�\ respectively[

Superscripts
cd\ cv\ r\ t refer to thermal conduction\ convection\
radiation and total\ respectively
d\ s di}use and specular re~ection\ respectively
d¦s combined di}use and specular re~ection
m\ m¦0 time step[

0[ Introduction

The combined radiationÐconduction heat transfer is
apparent in various engineering applications for semi!
transparent materials "STM#\ such as the glass industry\
molten salt media\ _brous materials\ infrared heating as
well as the utilization of solar energy\ etc[ Early studies
of this subject were reviewed in detail by Viskanta and
Anderson ð0Ł and by Kunc et al[ ð1Ł[ It has attracted
further research in recent years\ as to the combined heat
transfer with multi!dimension ð2Ð6Ł\ under transient state
ð2Ð5\ 7Ð03Ł\ or with refractive index greater than unity
ð00\ 04\ 05Ł\ in a scattering medium ð5\ 6\ 01\ 03Ð05\ 06Ð
17Ł\ as well as with various boundary conditions and
various radiative characteristics of the boundary ð04Ð07\
19Ð13\ 15Ł[

On solving one!dimensional radiative transfer in a scat!
tering medium\ Machali ð10Ł and Machali and Madkour
ð11Ł investigated the radiative transfer in a plane!parallel
slab of an absorbing\ emitting and scattering medium
for combined di}use and specular re~ection boundaries[
Siegel ð06\ 07Ł\ Kudo ð19Ł and Ganapol ð12Ł investigated
the radiative transfer in a plane!parallel slab of an absorb!
ing\ emitting and isotropic scattering medium for trans!
parent or semi!transparent boundaries[ Lin and Tsai ð13Ł
and Siewert ð15Ł investigated the coupled radiationÐcon!
duction heat transfer in an absorbing\ emitting and scat!
tering medium for combined di}use and specular re~ec!

tion boundaries[ Spuckler and Siegel ð04\ 05Ł studied
the heat transfer in a composite layer medium\ which is
composed of two layers of di}erent isotropic scattering
STM\ the refractive indexes of which are both greater
than unity[ Recently studies of this subject have been
reviewed in detail by Siegel ð18Ł[

By employing the ray tracing method\ the overall radi!
ative transfer coe.cients "RTC# between two surface
elements\ between a surface element and a control volume
or between two control volumes\ in a one!dimensional
STM\ were presented for three di}erent boundary con!
ditions under specular re~ection] "a# two opaque bound!
aries ð09Ł^ "b# two semi!transparent boundaries ð00Ł^ and
"c# a semi!transparent boundary S0 and an opaque one
S1 ð29Ł[ In these researches\ however\ the scattering e}ect
was neglected[

In this paper\ the scattering e}ect\ various kinds of
radiative characteristics of the boundaries\ the spectral
e}ect and the e}ect of refractive index are considered
comprehensively[

1[ Physical model and governing equation

The energy equation for transient coupled heat transfer
of radiationÐconduction in a homogeneous absorbing\
emitting and isotropic scattering medium slab is given by

rCP 1T:1t � −div"qcd¦qr# "0#

where qcd\ qr are conductive and radiative ~ux densities[
One boundary surface S0 of the slab is semi!transparent\
the other one S1 is opaque[ The slab thickness is L and
the slab is between two black surfaces "S−� and S¦�#
which indicate environments\ whose temperatures are
TS−�

and TS¦�
\ respectively[ The slab is divided into NM

control volumes "nodes# along its thickness\ i indicates
one node "see Fig[ 0#[ The time interval is from t "�mDt#
to t¦Dt "�ðm¦0ŁDt#\ so the implicit discrete equation
is obtained as

CDx"Tm¦0
i −Tm

i #:Dt � ðlm¦0
c\ie "Tm¦0

i¦0 −Tm¦0
i #¦lm¦0

c\iw

"Tm¦0
i−0 −Tm¦0

i #Ł:Dx¦Fr\m¦0
i "1#

where lc\ie\ lc\iw are harmonic mean media thermal con!
ductivity at the interface {ie| "between control volumes i
and i¦0# and {iw| "between control volumes i−0 and i#[

The extinction coe.cient k\ absorption coe.cient a\
the scattering coe.cient ss\ the refractive index nm and
the surface re~ectivity r are approximately simpli_ed as
that in a series of rectangular spectral bands[ The total
number of spectral bands is NB[ BOP indicates the
{opaque| zone and BST indicates the {semi!transparent|
zone[

When k $ BST\ the boundary conditions at the semi!
transparent boundary S0 and the opaque boundary S1

are as follows\ respectively\

Boundary surface S0 qcd � qcv "2a#
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Fig[ 0[ The in_nite slab of STM modeling by the control volume method[

Table 0
Optical characteristics of the di}erent glasses used

Spectrum A Spectrum B

k l "mm# nm\k r0\k r1\k kk "m−0# l "mm# nm\k r0\k � r1\k kk "m−0#

0 9[4Ð1[6 0[4 9[93 9[86 09 9[4Ð0[9 0[4 or 2[9 9[93 09
1 1[6Ð3[4 0[4 9[93 9[86 0999 0[9Ð1[6 0[4 or 2[9 9[93 099
2 3[4Ð49 0[4 9[95 9[86 4999 1[6Ð3[2 0[4 or 2[9 9[93 0999
3 3[2Ð09[2 0[4 or 2[9 9[95 09 999
4 09[2Ð49[9 0[4 or 2[9 9[04 09 999

Boundary surface S1 qr
S1

¦qcd � qr
S1:S¦�

¦qcv "2b#

where qcd is the heat conduction ~ux density between the
boundary node and the adjacent node[ qcv is the heat
convection ~ux density between the boundary node and
the environment[ qr

S1
is the radiative ~ux density between

the boundary surface node S1 and all internal nodes\
including the surrounding black surface S−� "because
in the semi!transparent zone\ radiative ray can pass
through the boundary S0\ transferring heat to S−�

directly#[ qr
S1:S¦�

is the radiative ~ux density between S1

and the black surface S¦� indicating the environment[
The discrete equation of equation "2b# is shown as
follows

s s
k$BST

n1
m\k 6o1\k ðS1S−�Łsk\tÐo"Ak\TS

−�

T3
S−�

−Ak\TS
1

T3
S1

#

¦ s
NM

j�0

o1\k ðS1VjŁsk\tÐo"Ak\Tj
T3

j −Ak\TS
1

T3
S1

#7¦1lc\NM

×"TNM−TS1
#:Dx � s s

NB

k�0

n1
rf\ko1\k

×"Ak\TS
1

T3
S1

−Ak\TS
¦�

T3
S¦�

#¦h1"TS1
−TS¦�

# "3#

where Ak\Ti
� ÐDlk

Ib\l"Ti# dl:Ð�
9 Ib\l"Ti# dl is the fractional

spectral emissive power of the spectral band k at the
nodal temperature Ti[ If the coe.cient of heat transfer hi

"i � 0\ 1# in equation "3# approaches in_nity\ the surface
temperature of the medium is equal to the surrounding
temperature TS0

� TS−�
\ TS1

� TS¦�
\ equation "3# is

changed to the _rst kind of boundary condition[
When S0 is the semi!transparent boundary and S1 is

the opaque boundary\ Fr
i can be expressed as

Fr
i � s s

k$BST

n1
m\k 6o1\k ðS1ViŁsk\tÐo"Ak\TS

1

T3
S1

−Ak\Ti
T3

i #

¦ s
NM

j�0

ðVjViŁsk\tÐo"Ak\Tj
T3

j −Ak\Ti
T3

i # 0 ¾ i ¾ NM
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¦ðViS−�Łsk\tÐo"Ak\TS
−�

T3
S−�

−Ak\Ti
T3

i #7[ "4#

If both boundaries are opaque or semi!transparent\ the
radiative source term is given in refs[ ð09\ 00Ł[

2[ Radiative transfer coef_cient

In equations "3# and "4#\ ðSiSjŁsk\ ðSiVjŁsk and ðViVjŁsk
are RTC of surface to surface\ surface to control volume
and control volume to control volume\ respectively\ in
an absorbing\ emitting\ isotropic scattering medium[ In
the following\ the RTC in an absorbingÐemitting medium
is discussed _rst\ then the RTC in an absorbing\ emitting\
isotropic scattering medium under specular re~ection is
deduced[

2[0[ Absorbin`Ðemittin` media

Under specular re~ection\ because the incident angle
is equal to the re~ecting angle\ two rays with di}erent
launching angles cannot intersect each other "Fig[ 1#[ The
extinction function of a ray with an arbitrary launching
angle can be yielded by tracing this ray\ then the spectral
coe.cients "S0Sj#s

k\ "S1Sj#s
k and "SiSj#s

k can be calculated
by integrating between 9½ p:1[ From the energy con!
servation equations

"S0Vi#s
k\tÐo �"S0Si#s

k\tÐo−"S0Si¦0#s
k\tÐo "5#

"ViVj#s
k\tÐo �"Si¦0Sj#s

k\tÐo

−"SiSj#s
k\tÐo−"Si¦0Sj¦0#s

k\tÐo¦"SiSj¦0#s
k\tÐo[ "6#

So we have

"ViVj#s
k\tÐo � 1"ðFk"kkxi¦0\ j#−Fk"kkxi¦0\ j¦0#

−Fk"kkxi\ j#¦Fk"kkxi\ j¦0#Łmc
9

¦rs
1\k ðFk"kkxi¦0\1¦kkx1\ j¦0#−Fk"kkxi¦0\1¦kkx1\ j#

−Fk"kkxi\1¦kkx1\ j¦0#¦Fk"kkxi\1¦kkx1\ j#Łmc
9

¦ðFk"kkxi\0¦kkx0\ j#−Fk"kkxi\0¦kkx0\ j¦0#

−Fk"kkxi¦0\0¦kkx0\ j#¦Fk"kkxi¦0\0¦kkx0\ j¦0#Łmc
9

¦rs
1\k ðFk"kkxi\0¦t9k¦kkx1\ j¦0#−Fk"kkxi\0

Fig[ 1[ Two rays tracing with launching angle u0 and u1 under specular re~ection[

¦t9k¦kkx1\ j#−Fk"kkxi¦0\0¦t9k

¦kkx1\ j¦0#¦Fk"kkxi¦0\0¦t9k¦kkx1\ j#Łmc
9

¦ðFk"kkxi¦0\ j#−Fk"kkxi¦0\ j¦0#−Fk"kkxi\ j#

¦Fk"kkxi\ j¦0#Ł0mc
¦rs

1\k ðFk"kkxi¦0\1

¦kkx1\ j¦0#−Fk"kkxi¦0\1¦kkx1\ j#

−Fk"kkxi\1¦kkx1\ j¦0#¦Fk"kkxi\1¦kkx1\ j#Ł0mc

¦rs
0\k ðFk"kkxi\0¦kkx0\ j#−Fk"kkxi\0¦kkx0\ j¦0#

−Fk"kkxi¦0\0¦kkx0\ j#¦Fk"kkxi¦0\0¦kkx0\ j¦0#Ł0mc

¦rs
0\kr

s
1\k ðFk"kkxi\0¦t9k¦kkx1\ j¦0#−Fk"kkxi\0

¦t9k¦kkx1\ j#−Fk"kkxi¦0\0¦t9k

¦kkx1\ j¦0#¦Fk"kkxi¦0\0¦t9k¦kkx1\ j#Ł0mc
# "7#

"S−�S1#s
k\tÐo � 1"nm\k:nrf\k#1g0\ko1\k ðFk"t9k#Ł0mc

"8#

"S−�Vi#s
k\tÐo � 1"nm\k:nrf\k#1g0\k ðFk"kkx0\i#−Fk"kkx0\i¦0#

¦rs
1\kFk"t9k¦kkx1\i¦0#−rs

1\kFk"t9k¦kkx1\i#Ł0mc
"09#

"S1Vi#s
k\tÐo � 1"ðFk"kkx1\i¦0#

−Fk"kkx1\i#¦Fk"t9k¦kkx0\i#

−Fk"t9k¦kkx0\i¦0#Łmc
9 ¦ðFk"kkx1\i¦0#

−Fk"kkx1\i#¦rs
0\kFk"t9k¦kkx0\i#

−rs
0\kFk"t9k¦kkx0\i¦0#Ł0mc

#[ "00#

In the above equations

ðFk"z#Łmc
9 � g

mc

9

m exp"−z:m#:ð0−rs
1\k exp"−1t9k:m#Ł dm

"01a#

ðFk"z#Ł0mc
� g

0

mc

m exp"−z:m#:ð0−rs
0\kr

s
1\k exp"−1t9k:m#Ł dm

"01b#

t9k � kkd mc � cos uc uc � sin−0"nrf\k:nm\k# "01c#

where the superscript {s| indicates specular re~ection\ and
the subscript {tÐo| indicates that one side is the semi!
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transparent boundary and the other side is the opaque
boundary\ and

n1
rf\k"S−�S1#s

k\tÐo � n1
m\ko1\k"S1S−�#s

k\tÐo

o1\k"S1Vi#s
k\tÐo � "ViS1#s

k\tÐo

n1
rf\k"S−�Vi#s

k\tÐo � n1
m\k"ViS1#s

k\tÐo

"ViVj#s
k\tÐo � "VjVi#s

k\tÐo[ "02#

Subscript {oÐo| indicates that both sides are opaque
boundaries\ the spectral RTC are given in ref[ ð09Ł[ Sub!
script {tÐt| indicates that both sides are semi!transparent
boundaries\ the spectral RTC are given by ð00Ł

"SiSj#s
k\oÐo\ "SiVj#s

k\oÐo\ "ViVj#s
k\oÐo

"Si � S0\ S1 Sj � S0\ S1#

"SiSj#s
k\tÐt\ "SiVj#s

k\tÐt\ "ViVj#s
k\tÐt

"Si � S−�\ S¦� Sj � S−�\ S¦�#[

2[1[ Absorbin`Ðemittin`Ðisotropic scatterin` media

In equations "7#Ð"00#\ "SiSj#s
k\ "SiVj#s

k and "ViVj#s
k are

given without considering the e}ect of scattering\ kk � ak[
For the scattering media\ kk � ak¦ss\k\ the radiative
energy represented by "SiSj#s

k\ "SiVj#s
k and "ViVj#s

k will
redistribute[ Suppose h � 0−v\ v is the single!scattering
albedo[ In the following deduction\ subscripts {oÐo|\ {tÐ
o|\ {tÐt|\ {k| and superscript {s| will be omitted\ because
the deduction and formula of RTC are independent on
the properties of boundaries and spectrum[ Subscripts {a|
and {s| indicate the absorbing and scattering\ respectively[

2[1[0[ First!order scatterin`
Notice there is only re~ection at the boundary of the

scattering medium\ which has been considered in the
above deduction[ Considering the _rst!order scattering\
the corresponding quota of absorption will be "SiSj#\
"ViSj#\ h ="SiVj# and h ="ViVj#\ respectively^ the remaining
part will be scattered[

ðViVjŁ0st
a �"ViVj#h ðViSjŁ0st

a �"ViSj#

ðSiVjŁ0st
a �"SiVj#h ðSiSjŁ0st

a �"SiSj#

ðViVjŁ0st
s �"ViVj#v ðSiVjŁ0st

s �"SiVj#v

"Si\ Sj � S0\ S1 or Si\ Sj � S−�\ S1

or Si\ Sj � S−�\ S¦�# "03#

where the superscript {0st| indicates the _rst!order scat!
tering[

2[1[1[ Second!order scatterin`
The RTC between two control volumes "i to j# can be

calculated as

ðViVjŁ1nd
a � ðViVjŁ0st

a ¦ s
NM

l1 �0

v"ViVl1
# = h"Vl1

Vj#

where the superscript {1nd| indicates the second!order

scattering[ On the right!hand!side of this expression\ the
_rst item indicates the absorbed energy quota by element
j\ which emits from element i and considering only the
_rst!order scattering[ The second item indicates the
absorbed energy quota by element j after the _rst!order
scattering of the element l1 "l1 � 0\ 1\ [ [ [ \NM#\ so after
second!order scattering\ the RTC is given by

ðViSjŁ1nd
a � ðViSjŁ0st

a ¦ s
NM

l1 �0

"ViVl1
#"Vl1

Sj#v

ðSiVjŁ1nd
a � ðSiVjŁ0st

a ¦ s
NM

l1 �0

"SiVl1
#"Vl1

Vj#vh

ðSiSjŁ1nd
a � ðSiSjŁ0st

a ¦ s
NM

l1 �0

"SiVl1
#"Vl1

Sj#v

ðViVjŁ1nd
s � s

NM

l1 �0

"ViVl1
#"Vl1

Vj#v1

ðSiVjŁ1nd
s � s

NM

l1 �0

"SiVl1
#"Vl1

Vj#v1

"Si\ Sj � S0\ S1 or Si\ Sj � S−�\ S1

or Si\ Sj � S−�\ S¦�#[ "04#

2[1[2[ "n¦0#th!order scatterin`

ðViVjŁ "n¦0#th
a � ðViVjŁnth

a ¦vnh = s
NM

l1 �0

"ViVl1
#

= 6 s
NM

l2 �0

"Vl1
Vl2

# = 6 s
NM

l3 �0

"Vl2
Vl3

#

= 6 s
NM

l4 �0

"Vl3
Vl4

# = $ s
NM

l5 �0

"Vl4
Vl5

# = = = =

= $ s
NM

ln¦0 �0

"Vln
Vln¦0

#"Vln¦0
Vj#%%777 "05a#

ðViSjŁ "n¦0#th
a � ðViSjŁnth

a ¦vn = s
NM

l1 �0

"ViVl1
#

= 6 s
NM

l2 �0

"Vl1
Vl2

# = 6 s
NM

l3 �0

"Vl2
Vl3

#

= 6 s
NM

l4 �0

"Vl3
Vl4

# = $ s
NM

l5 �0

"Vl4
Vl5

# = = = =

= $ s
NM

ln¦0 �0

"Vln
Vln¦0

#"Vln¦0
Sj#%%777 "05b#

ðSiVjŁ "n¦0#th
a � ðSiVjŁnth

a ¦vnh = s
NM

l1 �0

"SiVl1
# = 6 s

NM

l2 �0

"Vl1
Vl2

#

= 6 s
NM

l3 �0

"Vl2
Vl3

# = 6 s
NM

l4 �0

"Vl3
Vl4

# = $ s
NM

l5 �0

"Vl4
Vl5

# = = = =
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= $ s
NM

ln¦0 �0

"Vln
Vln¦0

#"Vln¦0
Vj#%%777 "05c#

ðSiSjŁ "n¦0#th
a � ðSiSjŁnth

a ¦vn = s
NM

l1 �0

"SiVl1
#

= 6 s
NM

l2 �0

"Vl1
Vl2

# = 6 s
NM

l3 �0

"Vl2
Vl3

#

= 6 s
NM

l4 �0

"Vl3
Vl4

# = $ s
NM

l5 �0

"Vl4
Vl5

# = = = =

= $ s
NM

ln¦0 �0

"Vln
Vln¦0

#"Vln¦0
Sj#%%777 "05d#

ðViVjŁ "n¦0#th
s � vn¦0 = s

NM

l1 �0

"ViVl1
#

= 6 s
NM

l2 �0

"Vl1
Vl2

# = 6 s
NM

l3 �0

"Vl2
Vl3

#

= 6 s
NM

l4 �0

"Vl3
Vl4

# = $ s
NM

l5 �0

"Vl4
Vl5

# = = = =

= $ s
NM

ln¦0 �0

"Vln
Vln¦0

#"Vln¦0
Vj#%%777 "05e#

ðSiVjŁ "n¦0#th
s � vn¦0 = s

NM

l1 �0

"SiVl1
#

= 6 s
NM

l2 �0

"Vl1
Vl2

# = 6 s
NM

l3 �0

"Vl2
Vl3

#

= 6 s
NM

l4 �0

"Vl3
Vl4

# = $ s
NM

l5 �0

"Vl4
Vl5

# = = = =

= $ s
NM

ln¦0 �0

"Vln
Vln¦0

#"Vln¦0
Vj#%%777[ "05f#

2[1[3[ Ener`y equilibrium durin` deduction
In the previous deduction\ a basic condition has been

implied that the energy absorbed and scattered must be
of unit quantity[ Such as kViVjl\ after the _rst!order
scattering\ the scattering part is ðViVjŁ0st

s �"ViVj#v[ After
the second!order scattering\ the redistribution of scat!
tering energy is as follows

"ViVj#v"ð"VjS0#¦"VjS1#Ł

¦ð"VjV0#¦"VjV1#¦= = =¦"VjVNM#Ł ="v¦h##
the quota absorbed by boundaries S0\ S1 and all control
volumes is expressed as

"ViVj#v"ð"VjS0#¦"VjS1#Ł

¦ð"VjV0#¦"VjV1#¦= = =¦"VjVNM#Ł = h#[
The RTC in the absorbingÐemitting medium has the

following expression

s
jinclui

oi\k"SiSj#k¦s
j

oi\k"SiVj#k � oi\kSi

s
jinclui

"ViVj#k¦s
j

"ViSj#k � 3kkVi[ "06#

So when calculating the RTC in the isotropic scattering
medium\ the RTC in the absorbingÐemitting medium
must be normalized _rst

"ViVj#�k � "ViVj#k:"3kkVi# "ViSj#�k �"ViSj#k:"3kkVi#

"SiVj#�k � "SiVj#k:"oi\kSi# "SiSj#�k �"SiSj#k:"oi\kSi# "07#

where the superscript {�| indicates the normalized value[
The inverse operation is done after the calculation of
the "n¦0#th!order scattering and absorbing[ The energy
absorbed or scattered must be of unit quantity\ otherwise\
the total energy will increase or decrease "depending upon
3kkVi × 0\ or ³0#[

2[1[4[ Method and speed of calculation
However\ equation "05# is di.cult to apply in practical

calculations[ As for kViVjl\ considering second!order
scattering\ three loops must be calculated] i � 0: NM\
j � 0: NM\ l1 � 0: NM[ Lately\ when one more scat!
tering is considered\ one more loop will be calculated\ so
after the nth scattering the calculating amount is
"NM¦1#n¦0 "NM control volumes and two boundary
surface nodes#[ The calculation was started with a Pen!
tium 022\ when NM � 3\ eighth!order scattering takes
39 s\ ninth!order scattering takes 39×"NM¦1# � 139 s\
tenth!order scattering takes 13 min[ If the number of
control volumes are very large and single!scattering
albedo v is large as well\ the calculating time will be
much longer[ For example\ when t9 � 4\ NM � 19\
v � 9[89\ after the 03th!order scattering\ the sum of the
normalized RTC when i � 3 is as follows

s
NM

j�0

ðV3VjŁ03th\�
a ¦ðV3S0Ł03th\�

a ¦ðV3S1Ł03th\�
a � 9[822032563

s
NM

j�0

ðV3VjŁ03th\�
s � 9[955745215[

If the sum of the normalized RTC is desired to reach
9[888888883 "the sum of the scattering quota of the _rst
four control volumes ¾EPS9 � 2[9×09−7#\ 093th!order
scattering should be calculated[ When these conditions do
not change except that v � 9[84\ 037th!order scattering
should be calculated and when v � 9[87\ 085th!order
scattering should be calculated[ In order to calculate more
conveniently\ equation "05a# is rewritten as

ðViVjŁ "n¦0#th
a � ðViVjŁnth

a ¦vnh = s
NM

ln¦0 �0

"ViVln¦0
#

= 6 s
NM

ln �0

"Vln¦0
Vln

# = = = = = 6 s
NM

l4 �0

"Vl5
Vl4

#

= 6 s
NM

l3 �0

"Vl4
Vl3

# = $ s
NM

l2 �0

"Vl3
Vl2

#
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= $ s
NM

l1 �0

"Vl2
Vl1

#"Vl1
Vj#%%777[ "08#

The calculation is started from the inside to the outside\
which is programed as a subroutine and the calculation
is performed in pairs "only three loops#[ So one more
scattering will only call two more subroutines\ after nth!
order scattering\ the amount of calculation is
1n"NM¦1#2[ For example\ the calculation is started with
a Pentium 055\ the optical thickness is 09\ v � 9[7\
EPS9 � 2[9×09−7\ the calculating time is shown in Table
1[

3[ Radiative transfer and transient heat transfer for

opaque frontiers and speci_ed boundary temperature

3[0[ Transient coupled heat transfer for speci_ed boundary
temperature

Frankel ð16Ł studied the transient coupled radiativeÐ
conductive heat transfer in a one!dimensional isotropic
scattering gray medium for opaque black frontiers and a
speci_ed boundary temperature[ The validity of this
paper is tested by this literature[ Supposing the reference
temperature was Trf � 0999 K\ the initial temperature
Ti"t � 9# � 9\ TS1

� 9 and the dimensionless temperature
J � T:Trf[ The conductionÐradiation number was
Ncr � lck:"3n1

msT2
rf# � 9[0\ the dimensionless time

j �"lc:C#k1t � 9[94\ v � 9[4\ t9 � 0 and the dimen!
sionless spatial variable z �"t−t9:1#−0[ The results are
shown in Tables 2 and 3[ The results of ref[ ð16Ł are also
shown for comparison[

The dimensionless temperatures at the dimensionless
coordinates z � −9[4\ 9\ 9[4\ respectively\ are shown in
Table 2[ The radiative ~ux densities at the dimensionless
coordinates z � −0\ 9\ 0\ respectively\ are shown in Table
3[ By comparison\ it is seen that the results in this paper
are consistent with those of Sutton\ Barker\ Tsai and
Frankel[ Even if the girder is widely divided "control
volume NM � 49#\ the time step is large
"Dt � 00[912694264 s\ m � 199#\ the result is also sat!
isfactory[ When NM � 199 and Dt � 9[339837104 s
"m � 4999#\ the results in this paper are consistent with
those of Frankel|s ð16Ł eighth!order approximation[

Table 1
Calculating time after nth!order scattering

Number of nodes NM 099 199 299 399

Scattering number n 62 62 62 62
Calculating time "min# 1 04 41 012

Table 2
Comparison of temperature results at three spatial locations
"j � 9[94\ Ji � J1 � 9#

Investigators ð01Ł Dimensionless temperature

z � −9[4 z � 9 z � 9[4

Lii and Ozisik 9[3506 9[0363 9[9166
Sutton 9[3777 9[0667 9[9480
Barker and Sutton 9[3782 9[0664 9[9477
Tsai and Lin 9[3778 9[0662 9[9477

Frankel ð16Ł
Fourth!order approximation 9[3885 9[0686 9[9493
Sixth!order approximation 9[3777 9[0666 9[9473
Eighth!order approximation 9[3782 9[0662 9[9476

Present study
m� � 199\ NM � 49 9[377396 9[066939 9[947733
m � 0999\ NM � 099 9[378070 9[066154 9[947606
m � 4999\ NM � 199 9[378234 9[066203 9[947589

� m is the number of steps for calculating up to non!dimensional
time j � 9[94\ m � 199\ Dt � 00[912694264 s\ m � 0999\
Dt � 1[193630964 s\ m � 4999\ Dt � 9[339837104 s[

Table 3
Comparison of radiative heat ~ux results at three spatial
locations "j � 9[94\ Ji � J1 � 9#

Investigators ð01Ł Dimensionless radiative heat
~uxes

z � −0 z � 9 z � 0

Lii and Ozisik 0[5325 0[1418 9[8635
Sutton 0[8293 0[2294 9[7221
Barker and Sutton 0[8299 0[2203 9[7224
Tsai and Lin 0[8217 0[2181 9[7210

Frankel ð16Ł
Fourth!order approximation 0[8244 0[2914 9[7228
Sixth!order approximation 0[8237 0[2173 9[7206
Eighth!order approximation 0[8231 0[2178 9[7208

Present study
m � 199\ NM � 49 0[824167 0[217358 9[720579
m � 0999\ NM � 099 0[823307 0[217658 9[720747
m � 4999\ NM � 199 0[823107 0[217723 9[720785

3[1[ Radiative heat transfer for combined diffuse and
specular re~ection boundaries

Formulas "7#Ð"00# are deduced for the case that both
boundaries are specular re~ective[ When two boundaries
S0 and S1 are di}use and opaque\ the RTC "or Radiative



H[ Tan et al[ : Int[ J[ Heat Mass Transfer 31 "0888# 1856Ð18791863

Extended Exchange Area# ð1Ł in a non!scattering medium
with the consideration of multi!re~ection\ are calculated
as follows

"S0S1#d
k\oÐo � o1\k"s0s1#k:ð0−r0\kr1\k"s0s1#1

k Ł "19a#

"S0Vj#d
k\oÐo � ð"s0vj#k¦r1\k"s0s1#k"vjs1#kŁ:

ð0−r0\kr1\k"s0s1#1
k Ł "19b#

"S1Vj#d
k\oÐo � ð"s1vj#k¦r0\k"s1s0#k"vjs0#kŁ:

ð0−r0\kr1\k"s1s0#1
k Ł "19c#

"ViVj#d
k\oÐo �"vivj#k

¦
r0\k"s0vi#kk"s0vj#k¦r1\k"s0s1#k"s1vj#kl

0−r0\kr1\k"s1s0#1
k

¦
r1\k"s1vi#k ð"s1vj#k¦r0\k"s0s1#k"s0vj#kŁ

0−r0\kr1\k"s1s0#1
k

[ "19d#

If considering the scattering e}ect\ by substituting
equation "19# into equation "05# and adopting the layout
of equation "08#\ the RTC can be obtained[

In this paper\ the RTC for combined di}use and specu!
lar re~ecting boundaries are calculated by accumulating
the RTC for the specular re~ecting boundary "indicated
by superscript {s|# and that for the di}use re~ecting
boundary "indicated by superscript {d|#\ linearly

ðFiFjŁd¦s
k\oÐo � Prefl×ðFiFjŁsk\oÐo¦"0−Prefl#ðFiFjŁdk\oÐo

"Fi � Si\ Vi\ Fj � Sj\ Vj# "10a#

where Pre~ is the quota of the specular re~ection

Prefl � "rs
0¦rs

1#:"rs
0¦rd

0¦rs
1¦rd

1#[ "10b#

Machali and Madkour ð11Ł studied the radiative heat
transfer for combined di}use and specular boundaries in
an absorbing\ emitting and isotropic or linear anisotropic

Table 4
Comparison of the dimensionless heat ~uxes for slabs

t9 � 9[90 t9 � 9[0 t9 � 9[4 t9 � 0 t9 � 1 t9 � 4

"a# rd
0 � 9\ rs

0¦o0 � 0[9\ rd
1 � 9[1\ rs

1 � 9\ o1 � 9[7
o0 � 9[1 Ref[ ð11Ł 9[33448 9[32740 9[30118 9[27443 9[23150 9[14661
Pre~ � 9[7 Present study 9[334477 9[327423 9[301250 9[274486 9[231523 9[146618
o0 � 9[6 Ref[ ð11Ł 9[28550 9[26687 9[20716 9[15743 9[19480 9[01054
Pre~ � 9[5 Present study 9[285598 9[266888 9[207204 9[157458 9[194804 9[010546
o0 � 0[9 Ref[ ð11Ł 9[26197 9[23817 9[17956 9[11677 9[05559 9[98143
Pre~ � 9 Present study 9[261966 9[238166 9[179562 9[116774 9[055487 9[981430

"b# rd
0 � 9[1\ rs

0 � 9\ o0 � 9[7\ rd
1 � 9\ rs

1¦o1 � 0[9
o1 � 9[1 Ref[ ð11Ł 9[00039 9[09852 9[09296 9[98528 9[97454 9[95332
Pre~ � 9[7 Present study 9[000286 9[098523 9[092989 9[985288 9[974547 9[953321
o1 � 9[6 Ref[ ð11Ł 9[23692 9[22962 9[16737 9[12386 9[07906 9[09534
Pre~ � 9[5 Present study 9[236922 9[229638 9[167414 9[123887 9[079064 9[095349
o1 � 0[9 Ref[ ð11Ł 9[35498 9[32559 9[24973 9[17374 9[19713 9[00456
Pre~ � 9 Present study 9[354985 9[325486 9[249730 9[173745 9[197137 9[004565

scattering gray slab[ The method of this paper is veri_ed
by taking advantage of the case of an isotropic scattering
medium "see Table 0 in ref[ ð11Ł# with two opaque gray
boundaries\ in which the heat conduction is neglected
and nm � 0\ v � 0\ boundary temperatures "TS0

� 1TS1
#

are given[ So take lc � 0×09−01 ðW m−0 K−0Ł and let
EPS9 � 2×09−7\ EPS0 � 9[990 "required precision in
calculating the temperature _eld# in this paper[ The num!
ber of control volumes NM is 299 per optical thickness
for t9 � 9[90½ 9[0\ is 099 per optical thickness for
t9 � 9[4½ 1 and is 59 per optical thickness for t9 � 4[
The radiative heat ~ux density qr at boundary S0 is

qr � s = 6$ s
NM

j�0

o0 ðS0VjŁd¦s
oÐo T3

S0
−ðVjS0Łd¦s

oÐo T3
j %

¦ðo0 ðS0S1Łd¦s
oÐo T3

S0
−o1 ðS1S0Łd¦s

oÐo T3
S1

Ł7[ "11#

The dimensionless radiative heat ~ux density q½ r
11 is as

follows "subscript {11| indicates that the parameter is
de_ned according to ref[ ð11Ł#

q½r
11 � qr:ð1 = o0 = s = T3

S0
Ł[ "12#

The results\ which are shown in Table 4\ are consistent
with those in ref[ ð11Ł[

4[ Radiative transfer and coupled transient heat

transfer for semi!transparent frontiers

4[0[ Calculated results compared with that from refs[ ð06\
07Ł

In outer space\ the waste heat can only be lost from
the medium with liquid "or medium with particles# by
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means of radiation[ The physical model can be simpli_ed
as\ the radiative heat transfer between a one!dimensional
isothermal absorbingÐemittingÐscattering gray medium
with semi!transparent frontiers and the circumstance
"TS−�

� TS¦�
#[ Reference ð06Ł adopted the numerical

solution of an integral equation\ suppose nm � 0\ the
dimensionless radiative heat ~ux q½ r

06 is given as follows
"subscript {06| indicates that the dimensionless radiative
heat ~ux is de_ned according to ref[ ð06Ł#

q½ r
06 � n1

m 6s
NM

i�0

"ðViS¦�ŁstÐtT
3
i

−ðS¦�ViŁstÐtT
3
S¦�

#7>"T3
i −T3

S¦�
#[ "13#

In this paper\ the number of control volumes NM is from
09Ð19 per optical thickness\ the comparison between the
result of this paper and that of ref[ ð06Ł is shown in Table
5[

In the above calculation\ if considering the cooling
process of the medium with a liquid droplet "or medium
with particles#\ this will be the transient combined radi!
ationÐconduction heat transfer[ We solved the following
problems to compare with ref[ ð07Ł]

"0# Since the conduction was neglected in ref[ ð07Ł\ there!
fore\ let lc � 0×09−01 ðW m−0 K−0Ł in this paper[

"1# Since the re~ectivities of both boundaries are zero
"r � 9#\ the calculation may be performed by con!
sidering either di}use or specular re~ection[ The
medium is gray and nm � 0[

"2# Convergence condition is =""TNM:1−T0#:T0#m¦0−
""TNM:1−T0#:T0#m= ¾ EPS1 � 9[90[

"3# Emissivity of the medium is de_ned as
o¹ � qr "t9\ t#:ðsT3

m"t#Ł "where Tm is the integral mean
temperature#[

Table 5
Dimensionless radiative heat ~ux q½ r

06 of one!dimensional isotropic scattering isothermal gray medium for semi!transparent frontiers

t9 Ref[ ð06Ł Present study Ref[ ð06Ł Present study Ref[ ð06Ł Present study

v � 9[99 v � 9[29 v � 9[59
9[4 9[446 NM � 09 9[4456802 9[338 NM � 09 9[3381351 9[292 NM � 09 9[2920269
0 9[670 NM � 19 9[6795050 9[556 NM � 19 9[5557611 9[389 NM � 19 9[3890864
4 9[887 NM � 099 9[8871333 9[813 NM � 099 9[8115907 9[687 NM � 099 9[6866025

09 0[999 NM � 199 9[8888818 9[822 NM � 199 9[8145973 9[797 NM � 199 9[7942284

v � 9[79 v � 9[89 v � 9[84
9[4 9[061 NM � 09 9[0613068 9[9815 NM � 09 9[9814781 9[9370 NM � 09 9[9379643
0 9[293 NM � 19 9[2925168 9[062 NM � 19 9[0614401 9[9815 NM � 19 9[9815128
4 9[526 NM � 099 9[5244185 9[369 NM � 099 9[3692214 9[206 NM � 099 9[2053325

09 9[548 NM � 199 9[5465180 9[407 NM � 199 9[4071594 9[278 NM � 199 9[2783507

qr "t9\ t# � sn1
m 6s

NM

i�0

×"ðViS¦�ŁstÐtATi
T3

i −ðS¦�ViŁstÐtATS
¦�

T3
S¦�

#7[ "14#

The comparison between this paper and ref[ ð07Ł is shown
in Table 6[

4[1[ Transient coupled heat transfer in isotropic scatterin`
medium for semi!transparent frontiers

The optical properties of the absorbingÐemittingÐscat!
tering medium with both semi!transparent boundary sur!
faces are shown in Table 0 "Spectrum B#[ The thickness
of the slab is L � 9[4 cm\ C � 577 745[337 J K−0 m−2\
lc � 9[9932942415 and 9[932942415 W m−0 K−0\ respec!
tively "corresponding Np � 9[9994 and 9[994#[ Both
boundary surfaces S0 and S1 are of convectionÐradiation
boundary conditions[ The initial temperature is
T9 � Trf1 � 0499 K\ TS¦�

� TS−�
� Trf0 � 649 K and

the dimensionless normalized temperature is
U �"Ti−Trf0#:"Trf1−Trf0#[ NM � 099\ the dimensionless
variable time step is employed in the calculation ð8Ł\
Dt� � 0−exp"−B = m#\ where B � 9[999112[ The results
of considering the in~uence of the scattering albedo v\
the Planck number Np and the refractive index of STM
nm on coupled radiativeÐconductive heat transfer\ are
shown in Fig[ 2"a#Ð"d#[

5[ Transient coupled heat transfer for one semi!

transparent boundary and one opaque frontier

5[0[ Transient heat transfer in the mixed boundary con!
dition

The optical properties of the medium\ which were given
in ref[ ð00Ł as {~oat| glass are shown in Table 0 "Spectrum
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Table 6
Emissivity of one!dimensional isotropic scattering gray media for semi!transparent frontiers o¹ "EPS9 � 2[9E−97\ EPS0 �
9[990\ EPS1 � 9[90#

t9 Ref[ ð07Ł Present study Ref[ ð07Ł Present study Ref[ ð07Ł Present study

v � 9[29 v � 9[59 v � 9[79
0 9[551 NM � 19 9[5511953 9[378 NM � 19 9[3776234 9[293 NM � 19 9[2922421
2 9[729 NM � 59 9[7184210 9[611 NM � 59 9[6111508 9[444 NM � 59 9[4437808
4 9[642 NM � 099 9[6406979 9[585 NM � 099 9[5843208 9[481 NM � 099 9[4819126

09 9[433 NM � 099 9[4333356 9[418 NM � 099 9[4178450 9[385 NM � 099 9[3847477
03 9[326 NM � 039 9[3261297 9[329 NM � 039 9[3290744 9[303 NM � 039 9[3030270

NM � 299 9[3254370 NM � 299 9[3184141 NM � 299 9[3024143

v � 9[89 v � 9[84 v � 9[87
0 9[062 NM � 19 9[0614972 9[982 NM � 19 9[9815068 9[928 NM � 19 9[9276528
2 9[268 NM � 59 9[2681385 9[121 NM � 59 9[1211873 9[096 NM � 59 9[0963445
4 9[345 NM � 099 9[3452871 9[202 NM � 099 9[2020083 9[050 NM � 099 9[0502550

09 9[339 NM � 199 9[3390752 9[259 NM � 199 9[2591109 9[122 NM � 199 9[1222863
03 9[274 NM � 039 9[2741471 9[227 NM � 039 9[2270136 9[137 NM � 039 9[1364326

NM � 299 9[2736153 NM � 299 9[2266018 NM � 299 9[1362195

A#\ the thickness of the slab is L � 09 cm\ lc � 9[7509694
W m−0 K−0 "corresponding to Np � 9[994#\
C � 750 969[4 J K−0 m−2[ The initial temperature is
T9 � 0499 K\ TS¦�

� Trf1 � 0499 K\ TS−�
� Trf0 � 649

K[ S1 is an opaque frontier and its temperature is given
by supposing that Bi1"x � L# � �\ so TS1

� TS¦�
[ S0 is

a semi!transparent frontier with convection and radiation
boundary conditions\ supposing that Bi0"x � 9# � 9[0[
NM � 099\ Dt� � 0−exp"−B = m#[ The calculated
results of coupled heat transfer of radiationÐconduction
are shown in Fig[ 3"a#Ð"c#[ The results for two opaque
boundaries are shown in these _gures as well for compari!
son\ where the curve {oÐo| indicates two opaque bound!
aries\ {tÐo| indicates one opaque boundary and one semi!
transparent boundary[

5[1[ Transient transfer with imposed exchan`e boundary
conditions

The optical properties of the medium are shown in
Table 0 "Spectrum B#\ nk\m � 0[4[ The thickness of the
slab is L � 9[4 cm\ the initial temperature is
T9 � Trf1 � 0499 K\ TS−�

� TS¦�
� Trf0 � 649 K\

Np"t� � 9# � 9[994 "corresponding to lc � 9[93294242
W m−0 K−0#[ Both boundary surfaces are of convectionÐ
radiation boundary conditions and Bi0"L:1# �
Bi1"L:1# � 9[94[ Considering three di}erent boundaries]
"a# opaque:opaque frontiers {oÐo|^ "b# semi!trans!
parent:opaque frontiers {tÐo|^ and "c# semi!trans!
parent:semi!transparent frontiers {tÐt|\ the calculating
temperature pro_les "v � 9 and v � 9[8# in the scat!
tering medium slab are shown in Fig[ 4"a#Ð"c#\ respect!

ively[ The calculating parameters are as follows]
C � 577 745[37 J K−0 m−2\ NM � 099\ the dimensionless
time step Dt�"L:1# � 9[9990 and dimensionless time
t�"L:1# � Fo"L:1# are 9[90\ 9[94\ 9[0\ 9[1\ respectively[

6[ Result and discussion

On the basis of our previous papers "refs[ ð09\ 00\ 29Ł#\
this paper investigates the redistribution of the radiative
energy in the case of isotropic scattering\ and the RTC is
derived in an absorbing\ emitting and isotropic scattering
parallel slab[ Considering both multi!re~ection and
multi!scattering in the derivation\ the RTC accom!
modates various boundary conditions under specular
re~ection] "a# both opaque boundaries^ "b# one semi!
transparent and one opaque boundary^ and "c# both
semi!transparent boundaries[ The validity and high pre!
cision of the formula for the RTC are con_rmed by
comparison with the calculated results in refs[ ð06\ 07\ 11\
16Ł[

This paper deduces the RTC in a one!dimensional
absorbing\ emitting and isotropic scattering slab with two
di}use re~ecting opaque boundaries[ By accumulating
the RTC with the specular re~ection boundary and the
RTC with the di}use re~ection boundary linearly\ the
RTC in an absorbing\ emitting and isotropic scattering
medium with combined specular and di}use re~ecting
boundaries is obtained[

The presented calculations and formulas for the redis!
tribution of the scattering energy can also be applied to
other radiative calculations[ By use of this method\ the
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Fig[ 2[ Diagram of reduced temperature vs[ Fourier number for various Np\ refractive index and single!scattering albedo
"h0 � h1 � 9[97509694\ B � 1[12E−4\ EPS9 � 2[9E−7\ EPS0 � 9[9991\ EPS1 � 9[990\ Pre~ � 0#[
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Fig[ 3[ Temperature pro_les for mixed conditions[ Comparison for opaque:opaque and semi!transparent:opaque frontiers
"EPS9 � 2[9E−7\ EPS0 � EPS1 � 9[9991#[
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Fig[ 4[ Temperature pro_les for heat exchange conditions\ Np "t� � 9# � 9[994 and Bi"L:1# � 9[94[ Comparison for opaque:opaque\
semi!transparent:semi!transparent and semi!transparent:opaque frontiers between v � 9 and v � 9[8 "Pre~ � 0\ EPS9 � 2[9E−7\
EPS0 � EPS1 � � 9[9994#[

total radiative exchange area or total radiative transfer
coe.cient in a multi!dimensional non!scattering
medium\ which are calculated by other methods\ can be
developed in an isotropic scattering medium[
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